We find a general class of pp-wave solutions of type IIB string theory such that the light cone gauge worldsheet lagrangian is that of an interacting massive field theory. When the light cone Lagrangian has (2,2) supersymmetry we can find backgrounds that lead to arbitrary superpotentials on the worldsheet. We consider situations with both flat and curved transverse spaces. We describe in some detail the background giving rise to the N = 2 sine Gordon theory on the worldsheet. Massive mirror symmetry relates it to the deformed CP 1 model (or sausage model) which seems to elude a purely supergravity target space interpretation.
Introduction
Ramond-Ramond backgrounds are a very important piece of string theory and they play a prominent role in the string theory/gauge theory correspondence. Backgrounds of the plane wave type are particularly interesting since they are the only known exactly solvable backgrounds [1] . These backgrounds are very useful for studying the relation between large N gauge theory and string theory [2] . The existence of a covariantly constant null Killing vector greatly simplifies the quantization of a string in light cone gauge. In this paper we study backgrounds of the pp-wave type which lead to interacting theories in light cone gauge. For this purpose we consider type IIB string theory with a five-form field strength which has the form F 5 = dx + ∧ϕ 4 . If ϕ 4 is a constant form in the transverse space it leads to masses for the Green-Schwarz light cone fermions. By taking non-constant four forms ϕ 4 we find that the light cone action becomes an interacting theory with a rather general potential. The mass scale in the light cone theory is set by p − . Boosts in the x + , x − directions corresponds to an RG flow transformation on the worldsheet. Low values of |p − | correspond to the UV of the worldsheet theory while large values of |p − | explore the IR of the worldsheet theory. We study solutions that preserve some supersymmetries. We find that we can have an N = (2, 2) theory on the worldsheet with an arbitrary superpotential.
Similarly we can get N = (1, 1) theories as long as the real superpotential is a harmonic function. We discuss solutions where the transverse space is curved or flat. One interesting result is that we can find backgrounds that lead to integrable models on the worldsheet in light cone gauge. Using results for integrable models we can compute some non-trivial features of the string spectrum. We can consider for example Toda theories. We discuss explicitly the case where we get the N = 2 sine Gordon model on the worldsheet. Soliton solutions of the massive theory correspond to strings that interpolate between different "potential wells" in the target space. Now that we have massive interacting theories on the worldsheet we see that various dualities of these theories are worldsheet dualities which lead to interesting dualities in the target space. The N = 2 sine Gordon theory is dual to the supersymmetric CP 1 theory [3, 4, 5, 6, 7] , via a mirror symmetry transformation. The size of the CP 1 depends on the energy scale of the worldsheet theory. The size of the worldsheet circle is proportional to p − . Thus, we find that strings with very small p − feel they are on a big space while strings with large p − feel they are on a smaller space.
Other backgrounds that lead to interacting theories in lightcone gauge were described in [8, 9] .
In section two we discuss the gravity backgrounds that lead to supersymmetric interacting theories on the worldsheet. In section three we describe the actions we get on the worldsheet from the gravity backgrounds discussed in section two. In section four we discuss in more detail some particular backgrounds. First we discuss the background leading to the N = 2 sine Gordon model on the worldsheet and the associated duality to the CP 1 model. We then discuss what happens if we have an A N singularity transverse to a pp-wave and we resolve it.
Supersymmetric supergravity solutions of pp wave type
We consider type IIB supergravity solutions with a nonzero 5-form field strength.
They have a covariantly constant null killing vector, ∂ ∂x − , which also leaves F 5 invariant and it is such that it gives zero when contracted with F 5 .
More explicitly, the form of the solutions we consider is
where x i are the 8 transverse coordinates, F 5 is the self-dual RR field strength. We limit ourselves to solutions which are also independent of x + . We consider constant dilaton and set all other fields to zero. The transverse metric can be curved. Note that the background is such that we can scale down H and ϕ by performing a boost in the x ± directions. 1 . This property under boost transformations implies that we can assign an "order" to each field according to how they change under boosts. The four-form ϕ is of first order while H is of second order. This means that the transverse space with zero RR five-form should be a solution of the equations of motion by itself, since it is of zeroth order.
In order to clarify a bit the discussion we will first consider the simpler case when the transverse space is flat and then the slightly more complicated case of a curved transverse space.
Flat transverse space
The equations of motion of type IIB supergravity imply that (2.1) obeys
where |ϕ| 2 = 1 4! ϕ µνρδ ϕ µνρδ , and ∇ 2 is the laplacian in the transverse 8-dimensional space. In our conventions 2 , the self-duality of F 5 implies that ϕ is anti-self-dual in the 8-dimensional space, so that * ϕ = −ϕ and dϕ = 0.
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In addition we will now require the solution to preserve some supersymmetries. Supersymmetries in type IIB supergravity are generated by a chiral spinor ǫ with 16 complex components. We find it convenient to separate it into two components according to their
ǫ + has positive SO(1, 1) and SO(8) chiralities, and is annihilated by Γ+. We will find, roughly speaking (i.e. to lowest order in ϕ 4 ), that ǫ + is related to the supersymmetries that are preserved by a configuration with nonzero p − and are linearly realized on the light cone action. These anti-commute to the lightcone Hamiltonian, plus possibly some rotations. On the other hand the supersymmetries generated by ǫ − are non-linearly realized on the worldsheet and imply that some particular fermions are free on the worldsheet. For reasons that will become clear later we are especially interested in supersymmetries that are linearly realized on the worldsheet so we are interested in spinors such that only ǫ + is nonzero to first order.
Setting to zero the supersymmetry variations we obtain the following equation
which leads to
where ϕ / ≡ 1 4! Γ µνρδ ϕ µνρδ . These equations imply that ǫ + must be a constant spinor and they determine the first and higher order parts of ǫ − in terms of ǫ + . These solutions with 2 Our conventions and notations are summarized in Appendix A.
3 A * with no subindex will always refer to the 8 dimensional space.
nonzero zeroth order ǫ + determine the linearly realized supersymmetries of the light cone action. In addition to these we might have solutions of (2.5) with ǫ + = 0. We obviously have 16 solutions of this type if ϕ is a constant form, but when ϕ is not constant we will generically have no solutions of this type (below we will make a precise statement). Note that only solutions of this second type can be x + dependent. Note also that if ǫ = ǫ + + ǫ − is a solution, then so isǫ = ǫ *
When we attempt to solve the equation for ǫ − in terms of ǫ + we find some integrability conditions. First, integrability of the ∂ µ ǫ − equations places a constraint on the allowed 4-forms. Then the (i∂ + − ϕ /)ǫ − equation gives further consistency conditions on ǫ − and determines H in terms of ϕ 4 . In Appendix B we show these computations in detail.
Below we will just state the form of the most general solutions with (2, 2) and (1, 1) supersymmetry. We did not explore the subset of (2, 2) solutions which actually have more ǫ + -type supersymmetries.
It is convenient to choose complex coordinates for the transverse space, z 1 , ..., z 4 . The anti-self-dual 4-forms ϕ µνρδ written in complex coordinates can be split into 2 kinds -those having two holomorphic and two anti holomorphic indices -the (2,2) forms (of which there are 15) and those having one holomorphic and three antiholomorphic indices and their complex conjugates -the (1,3) and (3,1) forms (of which there are 10+10). We denote the (1,3) forms by the shorter notation
Anti-self duality of ϕ implies that ϕ mn is symmetric.
It can be shown that one can write the anti-selfdual (2, 2) forms in terms of ϕ ij defined as
where the reality and self duality condition imply that ϕ lm is a hermitian and traceless matrix (which could, in principle, be a function of the coordinates). We also define the lowest weight spinor state |0 which is annihilated by Γ+ and Γ i where i runs over the four holomorphic indices. We begin by describing the solutions with an ǫ + which at zeroth order is proportional to |0 and its complex conjugate. We later describe solutions with ǫ + = 0.
CASE (1) (2,2) supersymmetry or more
The solution is parameterized by a holomorphic function W . In this case the ϕ lm are constants and given in terms of a traceless hermitian 4x4 matrix. W and ϕ lm should also obey
where we raised the index of ϕ jk using the flat transverse space metric. The metric and the 4-form are given by
The expressions for the Killing spinors can be found in appendix B. 
The expressions for the Killing spinors can be found in appendix B.
The homogenous solution for ǫ −
The homogenous equations for ǫ
and are solved by
where η 0 is a constant spinor. (2.11) implies that ϕ / and η 0 should be such that after multiplying (ϕ /) n η 0 (for n = 1, 2, ...) we still have spinors that are constant in the transverse space and independent of x + . So we get the spinors η 0 , ϕ /η 0 , · · · (ϕ /) n−1 η 0 which are linearly independent and n ≤ 16. These solutions of (2.11) are associated to free fermions on the string worldsheet in light cone gauge. In fact the last equality in (2.11) is the equation of motion for a zero momentum mode on the string worldsheet. If we diagonalize the matrix ϕ / in the subspace of solutions we see clearly that each pair of solutions gives rise to a free fermion on the worldsheet 4 . The fermion is free but it can be massless or massive depending on the eigenvalue of the matrix ϕ / on it. The sixteen supersymmetries of ǫ − type that arise in the usual quadratic plane waves discussed in [10] arise because all fermions are free. In a general interacting case all fermions will be interacting and there will be no supersymmetries of this type. If, in addition, we have worldsheet supersymmetry in lightcone gauge, as in the cases we are analyzing, each free fermion has a free boson partner and these two together decouple from the rest of the worldsheet theory. So the structure is clear, we have as many free bosons and fermions as there are ǫ − supersymmetries. In the N=(2,2) case these supersymmetries come in groups of four, one per complex field that appears at most quadratically in the superpotential.
Curved transverse space
When the transverse space is curved, the ansatz (2.1) is a solution of IIB supergravity iff it satisfies the equations of motion
where ∇ 2 is the laplacian in the transverse curved space, and R µν is the Ricci tensor of the transverse space 5 .
The supersymmetry equations for the curved case are
These are exactly the same equations as in the flat case (2.5), with the transverse derivatives replaced by covariant derivatives. We will now state what the general solutions are and we 4 The solutions come in pairs. If the eigenvalue of the matrix ϕ / is nonzero this follows by considering the complex conjugate equation. If the eigenvalue is zero then we can multiply the solution by any complex number so that we have two real solutions. 5 we use (+,-) and greek letters to denote curved indices , and (v,u) and roman letters to denote flat indices. All notations and conventions we use for curved space are summarized in Appendix A.
refer the interested reader to appendix B for the derivation. The first point to note is that to zeroth order the supersymmetry equations for the transverse manifold imply that the transverse space is a special holonomy space. If we demand (2,2) supersymmetries on the worldsheet it can only be a Calabi-Yau space (G 2 and Spin(7) could also be studied but we do not do that here). For this reason it is still convenient to choose complex coordinates and we denote by |0 the covariantly constant spinor on the Calabi-Yau manifold that is annihilated by Γ v and Γ µ where µ runs over the four holomorphic indices. We will also use the short notation (2.6) for the (1,3) forms. We first focus on the supersymmetries that are linearly realized on the worldsheet in lightcone gauge and later we explain what happens with the homogeneous solutions for ǫ − .
CASE (1) (2,2) supersymmetry or more
In this case the solution is parameterized by a holomorphic function W , and a real
Killing potential U from which we can define the Killing vectors
The Killing vector should be holomorphic (i.e. V µ is holomorphic and Vμ is antiholomorphic). The following conditions should also hold
The supergravity solution is
Vν . The expressions for the Killing spinors can be found in appendix C.
Here too, one can look at the simpler cases where either W = 0 or V µ = 0. Note that if the transverse space is compact there is no non-constant holomorphic function. In order to have interesting solutions we need the transverse space to be non-compact.
CASE (2) (1,1) supersymmetry
The (1,1) supersymmetry solutions are parameterized by a real harmonic function U .
The metric, 4-form and the 2 Killing spinors are given by
Note that the (2,2) part of the 4-form (whose components are ϕ λσµν ) is therefore
where J is the Kahler form, which obeys dJ = 0 (so that ϕ µν = 1 2 g λσ ϕ λσµν = ∇ µ ∇νU ).
The homogenous solution for ǫ −
The homogenous equations for ǫ hom − in a curved background are
There is a solution
with η 0 a covariantly constant spinor and all of (ϕ /) n η 0 (n = 1, 2, ...) covariantly constant.
The discussion follows exactly the one we had for the flat case, where we argued that each pair of solutions for (2.20) gives rise to a free (massive or massless) fermion on the string worldsheet in light cone gauge. Due to supersymmetry each such fermion has a free boson partner, and they both decouple from the rest of the worldsheet theory.
The worldsheet actions
In the last section we have listed all the supersymmetric solutions of the pp-wave form.
In this section we write the action describing a string propagating in these backgrounds.
We choose light cone gauge by setting x + = τ , where τ is worldsheet time. Though the standard procedure we then find that p − is conserved, etc. 6 In light cone gauge, only killing spinors which are not annihilated by Γ + survive as linearly realized supersymmetries on the worldsheet. These are the ǫ + part of the killing spinor. Since we focused on solutions that preserved some supersymmetries of this type, we will have a supersymmetric action on the worldsheet. Thanks to these supersymmetries we do not need to work too much to find the action, since its form is dictated by supersymmetry. 6 Our notation with a lower index for p ± seems to be contrary to standard practice in the literature. While in Minkowski space it does not matter where we put the index, it actually does matter where we put it when g ++ is nonzero. (Some papers have chosen the unreasonable convention of raising the indices using the flat Minkowski metric...). In our conventions for the metric (where g −+ = −1) we find that p − ≤ 0 for particles propagating to the future.
(2,2) Supersymmetric solutions
We know that if all RR fields are set to zero, the action reduces to the usual (2, 2)
non-linear sigma model which can be written in terms of the Kähler potential. By turning on (1, 3) and (3, 1) forms we can add an arbitrary superpotential so that the action in superfield form becomes
where as implied by the action (3.1). It can also be seen that the (2,2) forms induce couplings of the type ψ i L ψj R . These couplings are not present in (3.1). Nevertheless, it was shown in [12] , [13] , [14] , and reviewed in [6] , that if the target space has a holomorphic isometry, i.e. a holomorphic killing vector field V i (∇ i Vj + ∇jV i = 0), then this isometry can be gauged to give a vector multiplet (consisting of a complex scalar, two conjugate dirac fermions and a vector field). Then by taking the weak coupling limit and then freezing the vector and fermions at zero and the scalar at a constant value, one can obtain a (2,2) supersymmetric lagrangian. The extra terms in the Lagrangian that arise in this way are
Note that in our case, we cannot obtain any such holomorphic Killing vector -we have the extra requirement (coming from the self-duality of F 5 ) that ∇ µ V µ = 0. It might be possible that including more background fields, such a three form RR field strength, we get a more general Lagrangian.
In the simple case where the transverse space is flat, we have a holomorphic killing vector Vj = ic ij z i , for a hermitian constant matrix c ij , and ∇ µ V µ = 0 translates into the tracelessness of c ij .
The combined action coming from
constant [13] . This matches nicely with the condition (2.16).
(1,1) Supersymmetric solutions A general (1,1) supersymmetric sigma-model is of the form
where φ µ are N = 1 superfields. The superpotential U (φ) is not as general as it could be in an arbitrary N = 1 theory, since it needs to be a harmonic function. This condition also follows from conformal invariance in the Berkovits formulation [15] . Of course if we view the N = (2, 2) solution as an N = (1, 1) theory then the corresponding N = 1 superpotential is harmonic due to the stricter constraints that both the superpotential and Killing potential of the N = 2 theory have to obey.
Some examples
In this section we discuss some general features of the models and describe in more detail some examples.
RG flow
The light cone worldsheet theory is a theory with a mass scale. So these theories behave quite non-trivially under RG transformations. This mass scale on the worldsheet is basically set by p − . More precisely the important dimensionless parameter is α ′ |p − |µ where µ is the coefficient in front of the superpotential W = µf (z/l s ) where f is a dimensionless function. This dimensionless parameter is the product of the mass scale on the worldsheet and the size of the worldsheet cylinder. A physical spacetime question, like the spectrum of the theory, depends non-trivially on this dimensionless parameter. We see that performing a scale transformation on the worldsheet is related to performing a boost in the x + , x − coordinates. For low values of |p − | we are exploring the UV of the worldsheet theory while for large values we explore the IR. As usual we have a UV/IR relation between worldsheet and target space scales. Note that in many situations, most notably the c < 1 string theories, one can start with a non-conformal theory and "dress" it with the Liouville mode so that the total theory is a critical string theory. In those cases the RG flow in the original massive theory becomes related to a change in position along the Liouville direction. Notice that this case has a different character since an RG transformation is related to a change in velocity of the motion in the x + , x − direction. In other words in one case we have that an RG transformation is a translation in the Liouville direction whereas in our case it is a boost in the x + , x − directions. The worldsheet will generically have periodic boundary conditions for the fermions since they are Green-Schwarz fermions. The number of zero energy (zero p + ) supersymmetric ground states can be computed by the standard index arguments. These will be BPS states in the spacetime theory.
It is interesting to note that we can choose a superpotential that has no supersymmetric vacua. In this case we do not have a supersymmetric vacuum on the worldsheet which means that the corresponding state in the spacetime theory is not BPS when p − is nonzero. Supersymmetry breaking on the worldsheet should not be confused with spacetime supersymmetry breaking.
Solitons
One feature of our models is that they contain solitons on the worldsheet. The worldsheet is compact and has a size proportional to |p − |α ′ . If |p − | is large we will be able to trust soliton computations which are done in an infinite line. Note that when the string is propagating with fixed value of p − it feels a gravitational force that pulls it to the regions where −g ++ is a minimum. A soliton on the worldsheet going between these minima corresponds to a string that goes between the two positions where −g ++ has a minimum in target space. For example, we can choose a superpotential which is a function of only one variable W (z 1 ). In this case the three other complex fields on the worldsheet are massless and free. If we solve ∂ z 1 W = 0 we will obtain the values of z 1 corresponding to supersymmetric vacua in the field theory. The gravitational force will be directed towards these points in spacetime. We can have string configurations that interpolate between these different points. However, as we are discussing closed strings of finite length (i.e.
we impose periodic boundary conditions on the worldsheet), these configurations will not be topologically stable, unless there are identifications in the transverse space. We will discuss below a case with identifications in the transverse space.
Integrable theories
It is possible to choose the superpotential in such a way that we get an integrable model on the worldsheet. We can then rely on the large literature on integrable models to derive properties of the worldsheet theory. Of course the most interesting regime is when the worldsheet theory is strongly coupled, since in this case we do not have any other simple method to derive the spectrum. Our above derivation of the lightcone worldsheet lagrangian is only valid for weak coupling, since we used the supergravity approximation. It is nevertheless possible to show that in the case of flat transverse space these are good string solutions by using one of Berkovits' formalisms [16] [15] . We now take a flat transverse space and we explore the physics that results from adding a superpotential of the form
This gives the N = 2 supersymmetric sine Gordon theory. More explicitly the full background is
where
The sine Gordon model is conventionally written in terms of canonically normalized fields φ = z/ √ 2πα ′ and the parameter β is defined by writing the superpotential as W = µ cos βφ (where µ, which is proportional to λ, has dimensions of mass).
This implies that w = β √ 2πα ′ . At this point we could consider two models, one where x 1 is non-compact or another were x 1 is compact. Below we will be interested in the model where
This model is such that we have two distinct supersymmetric vacua, x 1 = 0, π ω (and also x 5 = 0). When we consider this sine Gordon model on an infinite spatial line (and time) one can compute exactly its S-matrix [17] . It was found that the S-matrix is the product of the S-matrices for two theories, one is an integrable version of the N = 2 minimal models and the other is the S-matrix of the bosonic sine Gordon theory. The N = 2 minimal model is the one with Z 2 global symmetry. The spectrum contains a kink and anti-kink together with some breathers of masses
where n = 1, ..., N and N = [γ] is the number of breathers. m s in (4.2) is the mass of a soliton which is proportional to µ. In order to find the spectrum of states in string theory we need to find the spectrum of the sine Gordon theory on a circle. If the size of the circle is very large, which corresponds to large |p − |, we can use the Bethe ansatz to obtain an approximate answer for the spectrum. The corresponding expression is expected to be correct up to exponentially small corrections in the size of the circle (or e −|p − |µα ′ ). Some exact results for the spectrum on the cylinder for a simple integrable model were obtained in [18] , but as far as we know the spectrum for the N = 2 sine Gordon on the cylinder is not known.
Note that the limit β → 0 corresponds to the semiclassical limit of the sine Gordon model. In this limit the period of the sine is much longer than α ′ . This means that the background F field involves large length scales. In this limit there is a large number of breathers. The lowest lying breather is the basic perturbative massive field in the theory and the lowest lying ones can be thought of as bound states of these. On the other hand the limit of large β corresponds to the quantum regime of the sine Gordon model. Note that for γ < 1 there are no breathers, we only have the kinks and anti-kinks. When β is large the radius of the x 1 circle in string units is small so that one would attempt to do a T-duality on this circle. Since the background fields depends explicitly on x 1 this is not a straightforward T-duality. Fortunately the necessary transformation is the mirror symmetry transformation discussed in [6, 7] , which gives a sausage model. In fact this relation was conjectured first in [5] , by studying the S-matrices and it is a close relative of [19] . The radius of the sausage is proportional to β. More precisely it isR = α ′ ω. We can see that in the limit that the RR fields are small, which is the UV of the worldsheet theory then in the original picture we have a cylinder with a gravitational potential that confines the strings to the region near the origin of the non-compact direction along the cylinder. In the T-dual picture we have a cylinder of the T-dual radius near the central region of the original cylinder, but the compact circle of the cylinder shrinks as we move away from the center so that we form a sausage. The sausage model is again not conformal invariant so that the geometry of the sausage depends on the scale. As we go to the UV of the field theory on the worldsheet the sausage becomes longer and longer as log(E), In the round CP 1 model the scale is appearing schematically as
in the action, where the last term is very schematic. This suggests that the background leading to this CP 1 model contains excited massive string modes. In fact, if we treat the RR field as a small perturbation (which is correct if we are near the center of the cylinder and at small |p − |) we can see that a T-duality in the the x 1 direction would transform the momentum mode of F 5 into a winding mode (with winding number two). This is somewhat reminiscent of the description of the cigar used in [20] , though in that case one could view the background as a gravity solution. Another related, but distinct, way in which a massive theory as the CP 1 model could arise in string theory was presented in [8] .
In that case the RG direction was precisely x + and the metric was x + dependent.
All that we said here about the sine Gordon model can be generalized to affine Toda theories (with rank smaller than five) [4] . The mirror symmetry transformation in this case will produce a deformed CP N model [7] .
Resolving A N singularities
In this section we will consider deformations of A N singularities in the presence of RR fields. 7 We can start with the maximally supersymmetric plane wave of IIB theory which has a field strength of the form ϕ 1234 = −ϕ 5678 =constant and all other components equal to zero. We can form complex coordinates z j = x j +ix j+4 . Then we see that this background corresponds to a background with zero (2,2) forms and a superpotential of the form W = Another interesting situation to consider is an A 1 singularity involving the first four coordinates 1234. In this case, in order to find a supersymmetric deformation, it is convenient to group the coordinates into complex coordinates as
etc. Then the maximally supersymmetric solution can be thought of as a solution with W = 0 and only (2,2) forms with Killing potential
. We can still resolve the A 1 singularity by replacing it by an Eguchi-Hanson space. In this case the solution will be of the type described in section 2.3. The Killing potential is
where is the same, so that we have twice the number of supersymmetries. Potentials for (4, 4) two dimensional theories were considered in [22, 13] . In conclusion, we have a (4,4) theory on the lightcone worldsheet. Of course we also have another 8 supersymmetries of the ǫ − type that are due to the fact that the coordinates z 3 , z 4 are free.
Above we discussed supersymmetric deformations of the A 1 singularity. There are also non-supersymmetric deformations, which we can describe most easily by writing the It differs from the supersymmetric solution by some terms which are localized near the singularity. We can view the non-supersymmetric solution as the supersymmetric one plus some normalizable modes that live near the singularity. These are normalizable modes of the four form potential. From the point of view of the worldvolume theory on the A 1 singularity, these are the modes that gives rise to the self dual tensor in six dimensions.
Indeed one can check that the difference between the 5-form field-strengths of the two solutions is ∆F 5 ∼ h 3 ∧ l 2 , where h 3 = h +ij is an anti-self dual tensor on the six directions corresponding to the worldvolume of the resolved A 1 singularity (i.e. directions + − 5678) and l 2 is the unique normalizable anti-self dual two form on the Eguchi Hanson space,
The solution considered in [21] is equal to the non-supersymmetric solution described above, up to the addition of a harmonic function to g ++ ,which is singular at r = 0. For any of the solutions described in this paper, we can add a singular harmonic function of the transverse coordinates to g ++ . We can think of them as describing the metric generated by massless particles with worldlines along x − .
Of course all that we said above can be extended to A N−1 singularities by replacing the Eguchi-Hanson instanton by the geometry of the resolved ALE space. These A N−1 singularities arise as Penrose limits of AdS 5 × S 5 /Z N , it would be nice to know if in this case we can also resolve the singularity in a smooth fashion. In the case of (AdS 3 ×S 3 )/Z N we know that we can smooth out the singularity in simple way [23] .
Open problems
It would be nice to obtain some more exact results for strings propagating on these backgrounds and explore further what they teach us about strings on non-trivial RR backgrounds. In particular, it would be nice to understand further the target space interpretation of the Sine-Gordon model at large β. It is clear that we can add D-branes to these backgrounds. These D-branes are expected to be supersymmetric if they sit on holomorphic submanifolds where W is a constant or on mid-dimensional lagrangian submanifolds such that the image in the W plane is constant [24] 8 . One could explore a more general ansatz where we also have a non-zero three form RR field strength. An interesting question is if there are any supersymmetric deformations of A N singularities when they are embedded in AdS 5 × S 5 . Of course, it would be nice to find a holographic dual for these backgrounds.
Appendix A. Conventions and notations, and the supersymmetry equations

Flat transverse space
We use conventions where 
The IIB spinor is a 16-component complex chiral spinor satisfying Γ 11 ǫ = +ǫ. Since ϕ 4 is anti-self-dual in 8-dimensions, acting on a chiral spinor F /Γ + ǫ = 2ϕ /ǫ. Using all the above, the susy equations
We would find it easier to work in complex coordinates, so we split the transverse space (x 1 , ..., x 8 ) to 4 complex coordinates z j = x j + ix j+4 . In complex coordinates, the susy equations (A.1) are
Let us classify the a.s. replace their x ± with x 0,9 according to
. take x 0 → −x 0 then flip one of the coordinates, say x 1 → −x 1 , and then replace back with chiral coordinates x
condition relates the (2,2) to the (1,3), (3, 1) components. The reality condition on ϕ
Going back to the susy equations (A.2), we separate ǫ into two components of different transverse chiralities ǫ = − 1 2
Since ǫ has a positive Γ 11 chirality, ǫ + has positive SO(1, 1) and SO (8) chiralities, and ǫ − has both negative. The susy equations for ǫ + are ∂ − ǫ + = ∂ j ǫ + = ∂ j ǫ + = (∂ + +iϕ /)ǫ + = 0. As ϕ has negative SO (8) chirality, automatically, ϕ /ǫ + = 0 and we conclude that ǫ + must be a constant spinor. The susy equations for ǫ − are
In order to solve the susy equations explicitly, it is convenient to introduce a Fock space notation. The vacuum |0 is defined to be the spinor annihilated by Γ+ and by all Γ i (where i is a holomorphic index) . We also define the operators
Note that in this normalization {b i , b +j } = 2g ij , where g ij is the inverse of the Kahler metric. This is not the usual normalization of annihilation and creation operators. We
Anti-self-duality implies that ϕ mn = ϕ nm , ϕ mn = ϕ nm . We also use the notation 2ϕ mn ≡ g ss ϕ ssmn , and denote by
acting on the vacuum. The slashed four-form acts on the Fock space states as
where we have raised the indices of ϕ ab using the metric. We parameterize ǫ ∓ in this Fock
α, γ pq , ζ are complex constants, and βm, δ k are complex functions of z i , z i . By an appropriate SO(8) rotation we will see that we can set γpq to zero in our solutions. So from now on we set it to zero. Using (A.4) one can check that
The susy equations become the following equations for α, βm, δ m , ζ
Curved transverse space
Starting from the metric
the nonzero connections for this metric are Γ 
The connections are determined by the no torsion condition and their nonzero components are Ω 
And the susy equations 0
The above equations are exactly the ones we had before for the flat case (A.1), the only difference being trading the regular derivative in the 8-dim space with a covariant derivative.
also we recall that the Einstein equations imply g µν is Ricci flat. Let us now try to solve these equations, similarly to what we did in the flat case. Again we change to complex coordinates, and separate ǫ = ǫ − + ǫ + . As before, we get that ǫ + must be a covariantly constant spinor, i.e. 10 ∂ − ǫ + = ∂ + ǫ + = ∇ µ ǫ + = ∇ µ ǫ + = 0. The equations for ǫ − are
As in the flat case, we again use the notation ϕ µν , and introduce the Fock space |0 which is annihilated by Γ v and by all Γ µ (µ a holomorphic curved index), and is a covariantly constant spinor 11 , and the operators bμ
µν . From now on we can define the "hole" operator b µ as we did in the flat space case.
Similarly we can define βμ, δ µ , α and ζ as in (A.5). We can similarly derive equations (A.4)(A.6) and finally (A. 7) , where all that we would need to do is to replace the ordinary derivative with covariant derivatives for the transverse indices.
Appendix B. Derivation of the flat space supersymmetric solutions
We have seen that ǫ + should be a constant. As the transverse space is R 8 we can always do an SO(8) transformation which sets γpq = 0 in (A.5), but we will be unable to distinguish solutions with (2,2) susy from solution with more susy. We also set all x + dependence to zero, because, as discussed before, this part could always be added as a solution to the homogenous equations. Integrability of the ∂ j δ k and ∂jβk in (A.7)
then assures (as α, ζ are not both zero) that the (1,3) and (3,1)-forms make a closed form by themselves. Using the fact that the (1,3) and (3,1) parts of ϕ are separately anti-self-dual and closed, we can show that ϕ ij satisfies ϕ ij = ϕ ji from anti-self-duality,
where W is a harmonic function . Similarly, as ϕ mn must be hermitian and closed by 10 From here on ∇ µ denotes a covariant derivative in the 8-dimensional transverse space.
11 As the manifold is a CY, there is a covariantly constant spinor ψ 0 = |0 . The spinor |0 is actually constant. In fact the Killing spinor equation is
The term Γ ij |0 is proportional to g ij and therefore to the trace of the spin-connection, which on a CY can be chosen to be zero [25] . themselves, they must be of the form ϕ mn = ∂ m ∂nU where U is a real harmonic function.
The equations (A.7)(with no x + dependence) become
Integrability of the equations implies that
for all m,m,j, k. This can be satisfied in one of the following two cases (i) |α| = |ζ|, W is holomorphic and harmonic, and ϕ jk = ∂ j ∂kU is a 4x4 hermitian traceless matrix of constants. In that case we can solve the ∂ j and ∂ j equations to get
Then plugging these back into the first two equations in (B.1), and taking into account the fact that H is real, we get the consistency condition ∂ n [ϕ jk z j ∂ k W ] = 0, and the expression
13 . This is the solution with (2,2) supersymmetries, or more, that we have in (2.9). Plugging (B.3) in (A.5) we get the explicit expression for the four Killing spinors, which are parameterized by the two complex numbers α, ζ.
(ii) |α| = |ζ|. Now we have that for all i, j,k
Without loss of generality , we choose the constant phase
14 Then one can define U a real harmonic function such that ∂ j ∂ k U = ∂ j ∂ k W and ∂ j ∂kU = ∂ j ∂kU, so the four-form is given by the second derivatives of U
12 There is no need to add integration constants to βk, δ k , as such terms can be set to zero by a redefinition of dW by a constant shift, and a redefinition of z j by a constant shift. 13 Here too there is no need to add an integration constant to H, as such a constant can be set to zero, shifting x − by a constant times x + .
Solving the ∂ j and ∂ j equations gives βk = 2iζ∂kU ; δ k = −2iζ∂ k U (B.5)
Then plugging these into the first two equations gives two identical equations for H , which are solved by H = −32|∂ k U | 2 . These are the (1,1) supersymmetric solutions we have in (2.10). Plugging (B.5) into (A.5) we get the explicit expression for the two Killing spinors that are parameterized by one complex number, α = −ζ.
Appendix C. Derivation of the curved space supersymmetric solutions
Here too we set γ µν = 0 . This way we would still find all solutions with at least (1, 1) supersymmetry, but would not be able to distinguish solutions with (2,2) supersymmetry from solutions with more supersymmetry. Note that if the transverse space has precisely SU(4) holonomy then the Killing spinor has γμν = 0. We also take as in the flat case, βν , δ ν to be independent of x + (the x + dependent part would be dealt with as part of the solution to the homogenous equations for ǫ − ). Then the equations that we get from (A.7)
by replacing ordinary derivatives by covariant derivatives becomes. The integrability conditions for ∇δ and ∇β imply that ∇ [ρ ϕ µ]ν = 0 (i.e. the (1,3) and (3, 1) forms are closed by themselves). Thus ϕ µν = ∇ µ ∇ ν W for some harmonic function W . The (2,2) forms therefore should be closed by themselves, and together with anti-selfduality they must satisfy ϕ µν = ∇ µ ∇ν U = ∇ν ∇ µ U for some real harmonic function U.
Plugging these back to the equations (C.1) , we get
We can immediately solve the two equations in the first line to get βν = −2iα∇ν U + fν(z), δ ν = −2iζ∇ ν U + g ν (z) for some antiholomorphic and holomorphic one-forms fν(z), g ν (z) respectively. Then we can plug these back into the two equations in the second line, and get the constraints
These can be solved in one of two ways.
(i) |α| = |ζ|
Then we can define a new real harmonic function U related to U through fν, g ν 15 such
that ∇ µ ∇ν U = ∇ µ ∇νU , and by (C.3) ∇ µ ∇ ν U = 0. Note that U is a Killing potential, if we define a vector V µ = i∇ µ U then ∇μV ν = ∇ µ Vν = 0 and ∇ µ Vν + ∇ν V µ = 0. This means that V µ is a holomorphic Killing vector. Additionally, as U is a harmonic function, the Killing vector also satisfies ∇ µ V µ = 0. By (C.3), one also finds that ∇ µ ∇ ν W is holomorphic. Since W appears in the susy equations only under two holomorphic covariant derivatives, we can take W to be holomorphic. One can now solve the first four equations in (C.2) to get (ii) |α| = |ζ|. We can define a real harmonic function U such that ∇ µ ∇ ν U = ∇ µ ∇ ν W and ∇ µ ∇νU = ∇ µ ∇ν U, so that ϕ µν = ∇ µ ∇ ν U , ϕ µν = ∇ µ ∇ν U , ϕ µν = ∇μ∇νU . Then solving for βν and δ ν , one gets βν = 2iζ∇ν U ; δ ν = −2iζ∇ ν U (C.5)
Plugging these back into the last two equations (C.2), one gets the same equation for H, whose solution is H = −32|dU | 2 . These are the (1,1) supersymmetric solutions we have in (2.18). Again we can insert (C.5) in (A.5) to get the explicit expression for the Killing spinors. 15 The relation is U ≡ U + . 16 We did not include integration constants in β ν , δ ν as these can always be set to zero be a redefinition of the potentials.
